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In this letter, we study the scattering of spin- 1
2
particles from a spin-independent parity time
(PT )-symmetric complex potential, and for the first time, theoretically demonstrate the coexistence
of PT -symmetric and PT -broken phases for broadband energy spectra in this system. We also show
the existence of anisotropic transmission resonances, accessible through the tuning of energy. Our
results are promising for applications in spintronics, semiconductor-based devices, and a better
understanding of the topological surface states.
I. INTRODUCTION
With their gamechanger paper published in 1998 [1],
Bender and Boettcher questioned the condition of Her-
miticity as a seventy-year-old conceptual foundation in
quantum mechanics and proposed that [1, 2] it should
be replaced by the PT -symmetry. In a series of three
manuscripts [4], Mostafazadeh introduced the concept
of pseudo-Hermiticity and showed that every Hamilto-
nian with real spectra is pseudo-Hermitian and that the
PT -symmetric Hamiltonians all belong to that class of
pseudo-Hermitian Hamiltonians. Later, in the light of
PT -symmetric quantum mechanics, thanks to the anal-
ogy between Schro¨dinger’s equation and the equation for
the propagation of an electromagnetic wave under parax-
ial approximation, PT -symmetry studies were ignited in
the field of classical optics [5–12]. The studies on opti-
cal systems with equal loss/gain media that show PT -
symmetric nature, gave rise to the derivation of gener-
alized unitarity relation [13], also coined as the pseudo-
unitarity condition, which was studied later on within the
context of quantum mechanical scattering [14, 15]. Al-
though there is an ocean of significant theoretical studies
on PT -symmetric structures, the experimental propos-
als and demonstrations are far more limited. Observa-
tion of PT -symmetry breaking in optical systems [9, 11],
PT -symmetry in optically induced atomic lattices [16],
in a single quantum system [17], with superconducting
quantum circuits [18], experimental realization of Flo-
quet PT -symmetric systems [19], demonstration of opti-
cal anti-PT -symmetry in a warm atomic-vapour cell [20],
applications of PT -symmetry in optics including propos-
als and demonsrations of lasing [21], cloaking [22, 23] and
uni-directional invisibility [24], and proposals for experi-
mental realizations within the context of condensed mat-
ter physics [25] and atomic gases [26] are among those.
There are also reviews [27–29] and books [30, 31] covering
all of the details of the subject that are excluded within
the scope of this letter.
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FIG. 1. (a) Overview of the structure (b) The abilities of
symmetric (F0) and asymmetric (F1 and F2) spin flippers
(SF), (F=L/R for left/right). u(d) denotes up(down) spin
states. (c) The schematic of 16 possible configurations, where
the transparent component means not using any SF.
Recently, a photonic heterostructure with one-
dimensional gain/loss bilayer and polarization convert-
ing components, which allowed PT -symmetric and PT -
broken eigenvalues to coexist simultaneously for broad-
band wavelengths, was studied [32]. In this pa-
per, through a simple yet intuitive problem of one-
dimensional scattering of spin- 12 particles from a spin-
independent, complex, non-Hermitian PT -symmetric
potential, we study the quantum mechanical analog of
that photonic problem and theoretically demonstrate the
mixing of PT -symmetric and PT -broken eigenvalues of
the scattering (S) matrix. To the best of our knowledge
this problem has also not been studied in the context
of quantum device applications. The possibility of ob-
taining mixed phase is already giving rise to intriguing
research in the field of photonics [? ], which makes our
2results even more important, since we are expecting the
onset of similar research in the field of quantum mechan-
ics.
II. PROPOSED STRUCTURE AND THEORY
Our system, as given in Fig. 1, consists of a PT -
symmetric complex potential region (M), with V = VR+
iVI , [VR, VI ∈ ℜ] satisfying the PT -symmetry condition
V (z) = V ∗(−z) and three different types of spin flippers
(SF), that create a four-channel system -two input and
two output channels for up (u) and down (d) spins that
can be attached to both ends of M. Various proposals
for such PT -symmetric structures are given in the in-
troduction part of this manuscript and is not our main
focus. Incoming and outgoing wavefunctions of the spin-
1
2 particles are shown in Fig. 1(a). The SFs flip the spin
of the reflected and transmitted spin- 12 particles in the
following way as shown in Fig. 1(b): The symmetric SF
F0 flips the spin of both reflected and transmitted spin-
1
2
particles from u(d) to d(u), whereas the asymmetric SF
F1 only flips the spin of the transmitted ones and F2 does
the opposite and only flips the spin of the reflected ones.
The SFs are heterojunction interfaces based on materi-
als with strong spin-dependent potentials operating on a
certain incoming spin state |Si〉 = a| ↑〉 + b| ↓〉. Their
basic function is to manipulate the Bloch-sphere of the
transmitted |St〉 and the reflected |Sr〉 states by external
parameters like the electric field vector E and the con-
trollable gates that can be tuned externally [33]. More-
over, it was theoretically demonstrated that it is pos-
sible to obtain strongly spin-flipping resonances, which
are required for the SFs proposed in this letter, in quan-
tum well structures by exploting the Rashba and Dressel-
haus spin orbit couplings [34]. III-V group semiconductor
heterostructure quantum wells with sizes (10 − 70 nm)
proposed in Ref. [34] can be fabricated using conven-
tional epitaxial techniques, such as Molecular Beam Epi-
taxy, Atomic Layer Deposition, and Metalorganic Chem-
ical Vapour Deposition [35]. Here, we assume that the
SFs only manipulate the spin degree of freedom of the
incoming spin- 12 particles and not the overall reflection-
transmission profile, which provides a simplification in
calculations. We can safely do this, since our main re-
sults, that are mixing of PT -symmetric and PT -broken
phases and the existence of anisotropic transmission res-
onances (ATR), would still be valid without the assump-
tion.
We relabel the SFs (F ) as R and L for right and left
placement, so that we have three different possibilities for
right placement R0, R1, R2, and three for left placement
L0, L1, L2. Also taking into account that we can choose
to not use any of those for right and left and only stick
with M (illustrated with the transparent component),
we have 16 different possibilities in total, summarized
in the schematic given in Fig. 1(c). Let us first lay the
physics of the problem before investigating these possible
FIG. 2. (a) For L = 0.5 µm, VR/E0 = 0.3, VI/E0 = 0.005, RL
(blue), RR (red) and T (black) are plotted versus dimension-
less energy E/E0, where E0 = 1 eV . The anisotropic trans-
mission resonances (ATR), are shown, where both RR = 0,
T = 1 and RL = 0, T = 1 are obtained for varying energies.
(b) The pseudo-unitarity condition |1 − T | − √RRRL = 0
is shown in red, whereas the blue curve displays a mea-
sure for PT -symmetry; when [RL + RR]/2 − T < 1 PT -
symmetry holds; [RL + RR]/2 − T = 1 is the spontaneous
symmetry breaking (SSB) point and beyond that point for
[RL + RR]/2 − T > 1 PT -broken phase onsets. The black
dashed line displays the SSB point, that separates the PT -
symmetric (blue) and PT -broken (yellow) phases.
configurations in detail.
The most general solution for the Schro¨dinger’s equa-
tion in regions with (ii,iii) and without (i,iv) the PT -
symmetric complex potential V = VR + iVI in Fig. 1 are
given by: ψ(z) = Aeik0z+Be−ik0z for V = 0 and ψ(z) =
Ceik1z + De−ik1z, for V 6= 0, where k0 = [2mE/~2]1/2,
k1 = [2m(E − V )/~2]1/2, in which m is the mass of the
spin- 12 particle, E denotes the energy and A,B,C and D
are to be determined by boundary conditions. For the
four different regions given in Fig. 1 we can write the
wavefunctions of the spin- 12 particles and then use the
appropriate boundary conditions to find reflection coef-
ficients (from left and right) rL, rR and the transmis-
sion coefficient t, which in return gives right reflectance
RR = |rR|2 left reflectance, RL = |rL|2 and transmit-
tance T = |t|2, which obey the pseudo-unitarity or in
other words the generalized unitarity relation [13]:
|1− T | =
√
RRRL. (1)
After applying the boundary conditions, we obtain rL =
NL/DL and tR = NT /DT where,
3NL = [iΩ1sinΛ+ Ω
∗
0cosΛ][cosΛ
∗ − iΩ∗0sinΛ∗]
+ [i sinΛ∗ − Ω∗0cosΛ∗][cosΛ + iΩ0sinΛ],
DL = [cosΛ− iΩ0sinΛ][Ω∗0cosΛ∗ − i sinΛ∗] (2)
+ [Ω∗0cosΛ− iΩ1sinΛ][cosΛ∗ − iΩ∗0sinΛ∗],
NT = [cosΛ− iΩ0sinΛ]rL + cosΛ + iΩ0sinΛ,
DT = cosΛ
∗ − iΩ∗0sinΛ∗.
Here, Λ ≡ k1L/2 , Ω0 ≡ k0/k1, Ω1 ≡ k1/k∗1 . From
those, rR and tL can be found by exploiting the sym-
metry: when k1 7→ k∗1 , then rL 7→ rR and tR 7→ tL.
Moreover, due to reciprocity in transmission, tL = tR, so
we can drop the left/right subscript, and write it as t.
Fig. 2(a) show RL, RR, and T for varying E. Analogous
to the PT -symmetric optics, ATRs, where either T = 1,
RL = 0 or T = 1, RR = 0 [13] are also achievable in our
system and can be seen in Fig. 2(a). An important result
displayed in Fig. 2(a) is that it is possible to obtain both
consecutive ATRs from left/right by fine-tuning the en-
ergy as well as separated regions of left/right ATRs, still
accessible via varying the energy, which is advantageous
for device applications. The validity of pseudo-unitarity
condition |1−T |−√RRRL = 0 is displayed in Fig. 2(b).
Another important feature shown in Fig. 2(b) is a mea-
sure for the spontaneous symmetry breaking (SSB) point
where the PT -breaking transition onsets. The measure
is given in terms of reflectances and transmittance where
the SSB point is given by [RL + RR]/2 − T = 1; sep-
arating the PT -symmetric ([RL + RR]/2 − T < 1) and
PT -broken ([RL +RR]/2− T > 1) phases [13].
III. S-MATRIX CALCULATIONS
The transfer matrix M and the scattering matrix S
for our system are defined as: ~ψ(R)(z) = M~ψ(L)(z) and
~ψo(z) = S~ψi(z) with,
~ψR,L(z) = [ψR,Li,↑ (z), ψ
R,L
o,↑ (z), ψ
R,L
i,↓ (z), ψ
R,L
o,↓ (z)]
T ,
(3)
~ψi,o(z) = [ψ
L
i,o,↑(z), ψ
R
i,o,↑(z), ψ
L
i,o,↓(z), ψ
R
i,o,↓(z)]
T .
All 16 possible combinations of Li, Ri, and M where
i = 0, 1, 2 yields three different eigenvalue spectra. The
S-matrices for different combinations yielding the same
eigenvalue spectra are connected by unitary transforma-
tions thus do not display new physics, so it is sufficient to
consider these three cases. Let us first describe how the
SFs affect the structure of the S-matrices. When no SFs
are inserted, the two-by-two diagonal blocks for each spin
in the S-matrix are uncoupled. Mathematically, the effect
of SFs is to mix the definite spin parts of the S-matrices.
To give a full recipe for t: if there are even number of
any of the F0 and F1 components and/or any number
of F2 components inserted, position of t is unchanged,
whereas if there are odd number of any of the F0 and F1
components and any number of F2 components inserted,
position of t is shifted to the opposite spin entry in the
S-matrix; for rR/rL, if there is an R1/L1 component in-
serted, position of rR/rL is unchanged, on the other hand
if an R0/L0 or R2/L2 component is inserted, position
of rR/rL is shifted to the opposite spin entry in the S-
matrix. The effect of SFs on the S-matrices can be fully
understood by investigating Fig. 1(c) and Table I. We
will go over these effects below for the nontrivial cases,
case 2 and case 3.
Going back to the three cases, the first one (case 1) is
the most trivial case where the spin degrees of freedom
are uncoupled due to the absence of SFs.
S
(1) =


rR t 0 0
t rL 0 0
0 0 rR t
0 0 t rL

 . (4)
yielding the same eigenvalues twice since spin degrees of
freedom are uncoupled:
λ
(1)
1,2 =
1
2
{
(rR + rL)±
√
(rR − rL)2 + 4t2
}
. (5)
Second case (case 2) displays coupling of spin degrees
of freedom, yet no mixed state can be achieved. As
an example, case 2 is obtained when L0MR0 configu-
ration is used, where M denotes the spin-independent
PT -symmetric potential component. Using the recipe
described above, even number of F0 components leave
the placement of t unchanged in the S-matrix and place-
ment of R0/L0 components shifts the rR/rL entry to the
opposite spin in the S-matrix.
S
(2) =


0 t rR 0
t 0 0 rL
rR 0 0 t
0 rL t 0

 . (6)
Four eigenvalues for this configuration are given as:
λ
(2)
1−4 =
1
2
{
± (rR + rL)±
√
(rR − rL)2 + 4t2
}
. (7)
The last case (case 3) is the most interesting case where
the mixed state of eigenvalues, i.e. coexistence of PT -
symmetric and PT -broken eigenvalues is realized. Let
us investigate the configuration L0M as an example for
this case. Since we have odd number of F0 components,
t is shifted to the opposite spin entry in the S-matrix and
also that component being L0, rL is also shifted to the
opposite spin entry in the S-matrix.
S
(3) =


rR 0 0 t
0 0 t rL
0 t rR 0
t rL 0 0

 . (8)
This configuration yields the following eigenvalues:
λ
(3)
1,2 =
1
2
{
(rR + rL)±
√
(rR − rL)2 + 4t2
}
, (9a)
λ
(3)
3,4 =
1
2
{
(rR − rL)±
√
(rR + rL)2 + 4t2
}
. (9b)
4FIG. 3. (a) The magnitudes of the eigenvalues of S(2), cor-
responding to case 2, versus the dimensionless energy scaled
with E0 = 1 eV are shown in log10 scale for VR/E0 = 0.3,
VI/E0 = 0.005. The eigenvalues of S
(2) do not display phase
mixing and the PT -symmetric (blue) and PT -broken (yel-
low) eigenvalues exist in separate E values. (b) For case 3,
the first set of eigenvalues λ
(3)
1,2 which are PT -symmetric be-
fore the SSB point are displayed in teal and black, whereas
the second set, λ
(3)
3,4 displayed in red and blue, which are PT -
broken even far before hitting the SSB point, as shown in two
insets.
The eigenvalues of the S-matrices are unimodular for
the PT -symmetric phase. When PT -symmetry is bro-
ken, they become reciprocal pairs.
IV. RESULTS
Fig. 3 displays the PT -symmetric and PT -broken
eigenvalues for a structure with realistic parameters of
L = 0.5 microns, VR/E0 = 0.3 and VI/E0 = 0.005 with
varying energy spectra (scaled with E0 = 1 eV ) for case
2 and case 3. As mentioned hereinabove, for the eigenval-
ues of S(2), i.e. case 2, no phase mixing can be obtained
for any E, as shown in Fig. 3(a). For case 3, the two
different sets of eigenvalues corresponding to S(3) have a
different behavior as shown in Fig. 3(b): The first set of
FIG. 4. The curves for the case L = 0.5 microns separating
the PT -symmetric upper and PT -broken lower parts for vary-
ing VR/E0 values and the manifold (inset) of SSB, which sep-
arates the PT -symmetric upper and PT -broken lower parts
for the given set of variables for L = 0.25 (yellow), 0.5 (or-
ange) and 1 microns (red) are shown.
TABLE I. Different configurations depicted in Fig. 1(c).
configuration eigenvalues components phase-mix case
M 2 1 ✗ 1
L0MR0 4 3 ✗ 2
L0M or MR0 4 2 ✓ 3
L1MR1 4 3 ✗ 2
L2MR2 4 3 ✗ 2
L1M or MR1 4 2 ✗ 2
L2M or MR2 4 2 ✓ 3
L0MR1 or L1MR0 4 3 ✓ 3
L0MR2 or L2MR0 4 3 ✗ 2
L1MR2 or L2MR1 4 3 ✓ 3
eigenvalues λ
(3)
1,2 are PT -symmetric before reaching the
spontaneous symmetry breaking (SSB) point or in other
words the critical energy Ec ≃ 0.53. Those eigenvalues
are displayed in teal and black. The other set λ
(3)
3,4 are
PT -broken even far before reaching the SSB point. It is
important to note that the magnitudes of λ
(3)
1,2 and λ
(2)
1−4
are equal, pointing that λ
(3)
3,4 are causing the mixing of
PT -symmetric and PT -broken eigenvalues. The second
set λ
(3)
3,4 are displayed in red and blue and the magni-
tudes of all four eigenvalues are plotted in log10 scale.
Two insets of Fig. 3(b) display that even for large values
of E/E0 before reaching Ec, the second set λ
(3)
3,4 are PT -
broken, hence a broadband energy spectrum for phase
mixing can be achieved.
Another significant result of this letter is displayed
in Fig. 4, in which the curves for the case L = 0.5
microns separating the PT -symmetric upper and PT -
broken lower parts for six different VR/E0 values are
5shown. In the inset, the SSB manifold (with VR depen-
dence now explicitly shown together with VI) is plotted
for L = 0.25, 0.5, 1 microns with yellow orange and red,
respectively, where L is the size of the component M .
In the figure (and inset), the upper part of the curves
(manifolds) corresponds to the set of variables that dis-
play PT -symmetric eigenvalues for the S-matrix and vice
versa for the lower part.
Table. I summarizes all possible 16 configurations.
The minimum number of components to achieve mixing
is two. It is possible to achieve phase mixing also with
three components. More interestingly, the configurations
L1M and MR1 give no phase mixing, signifying the im-
portance of the reflectance properties of the SFs over the
transmittance properties for obtaining phase mixing.
Finally, as we demonstrated in the previous section,
ATRs with extended features are accessible in our sys-
tem. Fig. 2(a) displays that, consecutive ATRs from
left/right by fine-tuning the energy as well as separated
regions of left/right ATRs are accessible.
V. DISCUSSION AND CONCLUSIONS
The theoretical scheme that we proposed is promising
for a variety of applications: The first one is in the field of
spintronics. Similar to the applications of PT -symmetry
in optics, uni-directional invisibility, lasing, and other
enthusing phenomena can be achieved in quantum me-
chanical systems. By introducing spin- 12 particles and
suggesting a structure that allows phase mixing demon-
strated in this letter, it would be possible to achieve all of
these properties selectively in spintronics based devices.
Moreover, in our theoretical studies, we obtained switch-
ing between left/right ATRs both in a close neighborhood
of energy values as well as in a relatively separated energy
region, for the same parameter space, which is promising
for non-reciprocal applications. The incoming energy of
the fermionic species depend on their chemical potential
which can be controlled through an applied gate poten-
tial, hence creating a controllable diode-like device. Sec-
ondly, in semiconductor-based devices, such as coupled
quantum wells, obtaining mixed phase as suggested in
this work would allow multi-functionality within a broad-
band spectrum. Lastly, the geometry in Fig. 1 can be
extended to study a spin-dependent PT -symmetric po-
tential. This can be relevant in PT -symmetric topologi-
cal surface states with a strong spin-orbit coupling that
has gained attention recently [36]. It is important to state
that all of the parameters that we used in this letter have
realistic values for the above-mentioned applications.
To conclude, we have theoretically demonstrated the
mixing of PT -symmetric and PT -broken eigenvalues of
the S-matrix describing the one-dimensional spin- 12 scat-
tering problem from a spin-independent complex PT -
symmetric potential, for broadband energy spectra. We
studied 16 different configurations obtained by combin-
ing SFs andM in all possible ways and categorized these
in terms of their phase-mixing properties. Moreover,
we discussed the analogies with PT -symmetric optics
and theoretically demonstrated the existence of ATRs
with extended features in our scheme. We believe that
our results will be promising for spintronics applications,
semiconductor-based devices, and can contribute to the
further understanding of topological surface states.
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